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Abstract 

We construct the crossed product ^ >^p N of a C(X) -algebra A by an 
endomorphism p , in such a way that p becomes induced by the bimodule 
£ of continuous sections of a vector bundle £ — > X . Some motivating 
examples for such a construction are given. Furthermore, we study the 
C*-algebra of G-invariant elements of the Cuntz-Pimsner algebra Os as- 
sociated with £ , where G is a (noncompact, in general) group acting on 
£ . In particular, the G*-algebra of invariant elements w.r.t. the action of 
the group of special unitaries of £" is a crossed product in the above sense. 
We also study the analogous construction on certain Hilbert bimodules, 
called 'noncommutative pullbacks'. 

AMS Subj. Class.: 46L05, 46L08, 22D35. 
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1 Introduction. 

Let d e N, lJ{d) the unitary group of d x d-matrices, Od the Cuntz alge- 
bra generated by a set {i'h}h=i of isometries with relations V'/^V'/c — Shk^, 
X]fc V'fcV'fc = 1 • It is well-known that for every closed group G C l](d) there is a 
G-action by automorphisms on Od , obtained in the following way: let H C Od 
be the vector space spanned by {iph} ; then H , endowed with the scalar product 
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^,-0' 1-^ ^*^' £ CI, G H, is isomorphic to the standard rank d Hilbert 

space , so that there is an action G x H ^ H hy unitary operators, corre- 
sponding to the defining representation of G over . By universaUty of the 
Cuntz algebra, such an action extends to an automorphic action 

G — > autOd , G 3 g e autO^ . 

We denote by Oq C Od the fixed-point algebra. Important cases are the 
C*-algebras C'u((i) and 0§,ii(d) , where SU(d) is the special unitary group: in 
particular, it turns out that 0§,i!(d) is the crossed product of Ou(^d) by a certain 
shift endomorphism ( |12l Lemma 3.8]). 

Now, Od is equipped with the canonical endomorphism 

aeendOd : a(t):=^^fciV: , t e Od ] (1.1) 

k 

since a o g — g o a , g G G, we find that a restricts to an endomorphism 
ac G endOc . The pair (Og: <^g) can be used to prove a version of the Tannaka 
duality; in order to expose this fact, we recall the following general construction. 

Let ^ be a C"''-algebra, end^ the set of cndomorphisms of ^ , p G end^ . 
It is possible to associate with p a tensor category, say p, with objects the en- 
domorphisms , r G N (for r = , we define as the identity automorphism 
l); the spaces of arrows and the tensor structure are given by 

(p^p") ■.= {teA: tp'-ia) = p%a)t , a e A} , 
p'^,p^ p^ X p'' :— p''+'' , 
t,t' ^txt' := tp'-{t') = p^it'y e {p''+'"\p'+'') , 

t G (p^p''), t' G (p''',p"'). Note that (i,i) = AnA' . 

We now return to the pair (Og, <^g) ■ Let G denote the category of tensor 
powers of the defining representation of G . Then, it is proved that there is an 
isomorphism of tensor categories (Tg — G (12, Thm.3.5]); moreover, G can 
be characterized as the stabilizer of Oq in Od f jl2l Cor. 3. 3]). Thus, we are 
able to reconstruct the group G and the category G by analyzing the algebraic 
properties of the C*-dynamical system [Og^ctg), together with the inclusion 
OgCO<j. 

The above construction is an important step towards the Doplicher-Roberts 
duality for compact groups (22|)j characterizing certain abstract tensor cate- 
gories as group duals. In the present work, we start the program of generalizing 
such a duality to the case in which the set of arrows of the identity object does 
not reduce to the complex numbers. As a first step, we generalize the above 
'Tannaka duality' for closed subgroups of U(d) to the case of certain noncom- 
pact groups naturally acting on vector bundles. Instead of the Cuntz algebra, 
we will make use of the Cuntz-Pimsner algebra associated with the module of 
continuous sections of a vector bundle £ — > X. The tensor categories that 



2 



we consider are characterized by the property (t, t) — C(X), where l is the 
identity object. In a future paper, we wiU proceed with our program by con- 
structing a crossed product of a C*-algebra by an endomorphism satisfying a 
weaker version of permutation symmetry and special conjugate property w.r.t. 
the analogous notions due to Doplicher and Roberts (^J)- This will generalize 
| 14l Thm.4.1] (recovered as the trivial-centre case), and ^ Thm.2.4] for the case 
of a tensor category generated by a single object (in our case, the generating 
" admissible" DR-category in the sense of the above-cited reference is replaced 
by a more general category with (i, i) / C). The groups we recover are in 
general non-compact. 

The present paper is organized as follows: 

In Section O wc construct the crossed product of a C"''-algebra A by an 
endomorphism p, in the following way: we consider the centre ZM(A) of the 
multiplier algebra, and the unital abelian C*-algebra 

C{XP) := {/ e ZM{A) : p{fa) = fp{a) , a e A} . (1.2) 

Then, we consider a vector bundle £ , and construct a crossed product in 

such a way that p becomes induced (in the sense of Def l3.1|l by the module of 
continuous sections of £ (Propl^j). Our construction, made in the context of 
C(X) -algebras ([SUHDi includes as particular cases (i.e. trivial vector bundles) 
the crossed products by Stacey Cuntz [7j and Paschke ^7i. Motivating 
examples arise in the context of continuous trace C"''-algebras fEx l3.3|l . and 
Cuntz-Pimsner algebras associated with vector bundles fEx l3.4(l . 

In Section^we introduce the C*-algebra Og associated with a closed group 
G of unitaries acting on a vector bundle £ ^ X . We associate with G a 
bundle Q ^ X , called the spectral bundle of G fDef l4.7|l : roughly speaking, G 
is characterized as a 'total subset' of continuous sections of Q. We introduce 
the notion of dual of G , as the analogue of the category of tensor powers of the 
defining representation of a compact Lie group (Def l4.3l) : then, we study the 
analogue of the above mentioned construction for {Occfg) fCor l4.4l Prop l4.8|) . 
An interesting fact is that non-isomorphic groups may have isomorphic duals; 
there are two orders of reason for this phenomenon: 

• at a first level, it is verified that different groups have the same dual if 
and only if the associated spectral bundles coincide (Lemma 14. 1(J|I : 

• at a deeper level, a dual may have several embeddings into the tensor cat- 
egory of vector bundles; different embeddings give rise to non-isomorphic 
groups (Cor Km Ex ll7|) . 

In the important case in which G is the group of special unitaries of £ , then 
Og is a crossed product in the sense of the previous section fProp HTTjl : this 
generalizes the analogous result for the C*-algebra Osu((i) • 
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In order for future applications, in Section |31 we introduce and describe a 
class of Hilbert bimodules corresponding to noncommutative puUbacks of vec- 
tor bundles, in the sense of Def l5.4l The interest in such bimodules arises from 
the fact that the associated Cuntz-Pimsner algebras exhibit canonical endomor- 
phisms with weaker properties w.r.t. the case of vector bundles (in particu- 
lar, they do not have permutation symmetry in the sense of jl4[ §4]). Vector 
bundle deformations in the sense of and vector ^-bundles in the sense 
of Mishchenko ((il*) supply examples of noncommutative puUbacks. We study 
group actions over noncommutative puUbacks and the associated Cuntz-Pimsner 
algebras fProp l^TI Cor l5.8ll . generalizing some results of the previous section. 

2 Keywords. 

The main references for tensor C*-categories are |13l I23| . to which we refere for 
the notion of symmetry. Tensor C"''-categories of C*-algebra endomorphisms, 
and their relationship with the duality theory, are studied in |12| in the setting of 
the Cuntz algebra, and more in general in . We refere to these papers for the 
notions of permutation symmetry and special conjugate property. If G C V{d) , 
then <TG G endOa has permutation symmetry ( \V2i §4]), if G C §U((i) , then 
aa satisfies also the special conjugate property (^J Lemma 2.2]). 

Let X be a locally compact Hausdorff space. A continuous bundle of C*- 
algebras over X is a C*-algebra A, equipped with a faithful family of epi- 
morphisms {tTx ■ A —>■ Ax}^^x such that for every a d A the norm function 
{x 1-^ ||7r2;(a)||} belongs to CoiX) , and ^ is a nondegenerate Co(X)-bimodule 
w.r.t. pointwise multiplication f,a {f{^) •'''^(a)}, / G Co{X) . The term 
C*- algebra bundle will be also used. Standard references for C*-algebra bun- 
dles (and the related notion of continuous field) are |S1 §10],[H1E21, which we 
refere for the notions of restriction and local triviality. A CoiX) -algebra is a 
C*-algebra A, equipped with a nondegenerate morphism from Co{X) into the 
centre of the multiplier algebra M{A) ; in the sequel, we will identify elements of 
Co{X) with their image in M{A) . Co(^)-algebra morphisms are by definition 
C*-algebra morphisms which are equivariant w.r.t. the Co (^) -module actions. 
Co (X) -algebras were introduced by Kasparov in |21[ Def.1.5], and character- 
ized as 'upper semicontinuous bundles' over X in [HIEH]- As can be expected, 
continuous bundles of C*-algebras are Co (^) -algebras. Every Co (X) -algebra 
A can be faithfully represented over a suitable Hilbert Co (X)" -module, where 
Co{X)" denotes the enveloping algebra (see |2D §1-6]). 

Let ^ be a C*-algebra, M{A) the multiplier algebra. The Cuntz-Pimsner 
algebra {CP-algebra, in the sequel) associated with a Hilbert ^-bimodule A4. 
has been introduced in [2H|- In §3], the CP-algebras are defined by using 
a universal construction, essentially the one exposed in jl3j| §4], (221 §5]. The 
construction is (briefly) the following: we consider the Banach ^-bimodules 
{M^jM") of right ^-module operators from the (internal) tensor power 
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into , r, s e N; in particular, we define M° := A, so that {A, A) ~ M{A) . 
Note that {M,M) is the C*-algebra of bounded right ^-module operators 
oi M. If 1 G {A4,M) is the identity operator, we embed {M^,M^) into 
{Ai^^^, A^''^^) by tensoring on the right by 1 . Then, we consider the inductive 
hmit 0^4 ■■■{M^'^M'') ^ (A^''+\ A^^+i) ^ ■■■ , where k := s - r e Z. 
If t e Oj^ , t' e 0%i , we can define a product by assuming t e (AC, A4''+'') , 
t' € {Ai'^'^'^, Ai'^'^^'^'') , and by composing t' -t. In the same way, the operation 
of assigning the adjoint operator induces an involution * : — > Oj^ . We 
define ^Om ■— J2k ^M' above considerations imply that '^Om is a *- 
algebra. It can be proved that there exist a unique C*-norm on ^Om such 
that the circle action z,t t-^ z'^t, z € T, i e OjU extends to an isometric 
action. The closure w.r.t. such C*-norm is a C*-algebra Om , coinciding with 
the CP-algebra if A is unital and A4 is finitely generated (see also ^1 120] for 
a detailed study about the structure of CP-algebras). If ^ = C and A4 has 
finite rank d e N , then Om is the Cuntz algebra Od ■ 

Let X be a compact Hausdorff space, £ ^ X a, vector bundle. We denote 
by £ the finitely generated Hilbcrt C(X)-bimodule of continuous sections of 
£, endowed with coinciding left and right C(X) -module actions, and by Os 
the corresponding CP-algebra. Basic properties of Os are established in |H4I 
§4]; we briefly recall them for the reader's convenience. According to the above 
mentioned procedure, Os is generated by the Banach C(J'(')-bimodules {£'^,£'^), 
r,s € N, which are identified (by the Serre-Swan theorem) with the the sets 
{£^,£'^) of vector bundle morphisms from the tensor power into £'' . In 
particular, note that {£,£) — {£, £) is the C*-algebra of bounded C(X)-module 
operators of £ , and that there is a natural identification £ ~ (i, £) , where 
L := £'^ := X X C If {tpi}i is any finite set of generators for £ , then Og can 
be described in terms of generators and relations (as by [281 §3] ) : 

fi^i = ^if , ^r^™ = (V'i,v^™) , ^ViV'r = i ; (2.1) 

I 

here / £ C{X) and (•,•) denotes the C(X) -valued scalar product on £. By 
removing the third of H2.1|l . we get the Toeplitz algebra (in the sense of |28|'). 
Os is a locally trivial continuous bundle of Cuntz algebras over X . This fact 
is proved in §4], but it was previously discovered by Roberts (|S). is 
endowed with a canonical shift endomorphism a, coinciding with in the 
case of the Cuntz algebra, in the following way: if t e {£'^,£'^) C Of, then 

a{t) l®t G ir+\£'+^) , (2.2) 

where 1 is the identity on £ . Note that cr is a C(X) -module map (i.e., cr is the 
identity on C{X) C Os ). In the present paper, we will also adopt the notation 
V'L •= V'Zi ■ ■ • V'Zr ^ ('-' J L = {li, . . . ,lr) , so that an element of (f , f '*) C Os 
is a linear combination with coefficients in C{X) of terms of the type ipMi^l, 
M := (mi, . . . , ms) ; note that {iPl} is a set of generators for £^ ~ (/,, f ). 
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If G r e N, then the relation = O',^') & C{X) holds in 

the CP-algebra, where (■, •) is the C(X) -valued scalar product defined on the 
module of continuous sections of £^ . 



3 Crossed Products by Endomorphisms and Vec- 
tor Bundles. 

We start the present section by exposing some elementary properties of Hilbert 
bimodules in C"''-algebras (see li for details). Let S C be an inclusion of 
C*-algebras; a closed vector space C ^ is said Hilbert B-bimodule in A if 
it is stable for left and right multiplication by elements of B, and ii ilj*ip' G B, 
tpjip' Cz M] in such a way, we have a map 

defining a S -valued scalar product on Ai . 

A4 is finitely generatedii there is a finite set {ipi} C M. such that ipiipiip = 
ip for every ip £ A4 (note that V'f''/' G thus ip is a. linear combination with 
coefficients in B of the generators). It is trivial to verify that P :— J2i i^ii^i is a 
projection, and that it does not depend on the choice of the generators. We call 
P the support of Ai . Note that for every r G N , there is a natural identification 
of :— span {ipi ■ ■ ■ ipr,ipi & M,i — I, ■ ■ ■ ,r} with the r-fold internal tensor 
power A4 ■ • • (E)b -M. With the same argument, we have an identification 
{M'',M') ^ M''{M*Y := span{V'V*,V'' G ^^^^/' e TW^}. UBCAnA', 
then an endomorphism is defined on A: 



OM does not depend on the choice of the generators, thus we say that om is 
the inner endomorphism induced by M.. If A has identity 1, then P = crx(l). 
Note that if B^AnA', then 

M ~ {l, (Tm) := {ip G a : -i/ja = CTx(a)V' , a e A} . 

In fact, a ip £ A4 then aMio)^^ — Tli 4'io-ii'i i') = Pi^a = i/^a, so that A4 C 
(t, (T7\4); viceversa, if ■0' G ('-^fjvi) then ip*ip' e = B for every ij; £ A4, 

thus v' = V'' • 1 = aA^(i)V'' = El M^'t^') ^M. 

Definition 3.1. Let A he a C*-algebra with centre Z , p an endomorphism of 
A. p is said inner if there is a finitely generated Hilbert Z -bimodule A4 d A 
such that p — ■ 

Example 3.1. Let A he a C*-algebra with identity 1 and centre Z , v G A 
a partial isometry with v*v ~ 1, vv* = P. Then, A4 :^ Z ■ v is a Hilbert 
Z -bimodule in A with support P , (finitely) generated by v. An inner endo- 
morphism cTjVf G end^, CT7vi(a) := vav* , aG A, is induced. 




(3.1) 
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Example 3.2. Let £ X be a vector bundle over a compact H aus dor ff space; 
then, the module £ of continuous sections of £ is finitely generated by a set 
{ipi} ■ We consider the canonical endomorphism a defined on the CP-algebra 
Os (see^^. By \&4\ Prop. 4-2] we find that a is inner, with {L,a) — {l,£) ~ £ ; 
so that, a(t) = '^[ipitil^i , t S Of. This also implies — {a^,a'^), 

r,s G N. In fact, {£^,£^) is spanned as a vector space by the elementary 
tensors tpi^tp^j , that belong to {a^,a^), so that (f ,f ) C {a^,a'^); viceversa, if 
t e (a'^,cr^) then tLM i^lt^M e (t, t) = C{X), and t = Y.lm^l^lm'^*m G 
(f , . In particular, we find that (t, cr*) ~ (t, f ) ~ f , so that is inner. 

Let p be an endomorphism of a C*-algebra A. Then p induces a natural 
structure of C(X)-algebra on A. In fact, if M{A) is the multipUer algebra with 
centre ZM(^), we consider the unital, abehan C*-algebra C{XP) C ZM{A) 
defined in (|1.2|l : since the identity 1m(A) G M{A) belongs to C{XP), we con- 
clude that ^ is a C(X'') -algebra. Furthermore, by definition p is a C{XP)- 
endomorphism. 

Let now X be a compact Hausdorff space, A a C(X)-algebra, p a C{X)- 
endomorphism of A . We consider d 6 N and a rank d vector bundle £ ^ X , 
so that £ is finitely generated as a Hilbert C(X) -module. We want to construct 
a crossed product of ^ by p, in such a way that p becomes induced by £ as 
by (Tmi . 

Definition 3.2. A covariant representation of {A, p) with rank £ is a pair 
(tt, f^) , where 

• TT : M{A) —>■ L(A^7r) is a unital C{X) -representation of the multiplier 
algebra AI{A) over a Hilbert C{X)" -module Ai-^ ; 

• £t, is a Hilbert C {X) -bimodule in L{Mt^) , isomorphic to £ ; 

• TTop^CT^oTT, where is the inner endomorphism induced by £t^ on 
L{M^) as by fJT)) . 

If £ is trivial (i.e. £ = X x C^), we can find a set {ifh}^^! of orthonormal 
sections generating £, i.e. (iphj'ipk) = Shk^, where Shk is the Kroneker symbol. 
By the isomorphism — f , we obtain that is generated by a set {ifh,-n-}'l^i 
of orthogonal isometries such that ip"^ ^tpk,7T — ^hk^- Thus, by Ij^.tfl we find 

that (Ttt is induced by {iph,Tr}'l^i, as for the notion of covariant representation 
considered by Stacey ([23 §2]). For example, if £ ~ X x C, we find that 
aTr{-) = V • V* for some partial isometry v £ L{Aijr) ■ 

We now prove the existence of covariant representations. For this purpose, 
let us denote by Os the CP-algebra of £ , and by 7^ the corresponding Toeplitz 
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algebra. By universality of the Toeplitz-Pimsner algebra, every covariant rep- 
resentation {■k,£t^) induces a morphism — > L{jVl^) , with image the C*- 
subalgebra of L{M.Tr) generated by ■ If £-k has support the identity, then we 
obtain a monomorphism Og ^ l\Mt,) ([2H1 Thm.3.12]). 

Let us now introduce the inductive limit Aoc '■= A A ■ ■ ■ . 

Lemma 3.3. Let £ X be a vector bundle. There exist covariant represen- 
tations (tt, f^) of (A, p) with rank E if and only if Aoo 7^ {0} . 

Proof. We proceed as in ^3 Prop. 2. 2]. Let Aoo 7^ {0}. We consider the 
crossed product ^ xip N of ^ by p, with the nondegenerate morphism i_4 : 
^ ^ Xp N. Recall that extends to the multiplier algebras; furthermore, 
there is a partial isometry v G M{A Xp N) with support p := iA{^M(A)) j ^-iid. 
the relation i^ ° p{a) = vij[{a)v* , a ^ A, holds. Note that every / G C{X) 
defines a multipher on A Xp N, say . Now, since p{fa) — f p{a) , we find 

viAifa) = iAif)viAia) , so that m(/) commutes with M(a), v. Furthermore, 
since C{X)-A is dense in A, and Aoo ^ {0}, we find that iAiC{Xj) ■ Axi pN is 
dense in ^XpN. Thus, „4xpN is a C(X)-algebra. By §1-6], there exists a 
faithful C(X) -module representation i' of ^XpN over a Hilbert C(X)" -module 
A4. For the same reason, there is a faithful C(X) -module representation v' 
of Of over a Hilbert C(X)" -module Ai' . We consider the bimodule tensor 
product M ^c{x)" J^' i and claim that the pair (7r,fjr), tt := {u o ij() ® 1, 
£t^ := i'{v) (X> i^'{£), is a covariant representation of A over 7W <8c{x)" 
In fact, it is obvious that Ett is isomorphic to f as a Hilbert C(X) -bimodule; 
furthermore, if {?/';} is a finite set of generators for v'{£)^ by definition we find 
that fjr has support 

^{v{v) ® ipi) ■ (i^(w)* ® V-D = (Hv) ■ i^iv*)) 8) 1 = Hp) ® 1 
I 

If a e ^, e , then 

{v o i_A{p{a)) (g) 1) • (iy{v) ^ v {iA{p{a)) ■v)^%l) = 

= V (v ■ M(a) ■ V* ■ v) (i) — 
= ® V") • (i^ ° M(a) ® 1) ; 

so that TT o p{a)Lp = ipT:{a), ip £ . Since by definition ipn^a) = ct^ o 7r(a)(p, 
where cTtt is the inner endomorphism induced by f ^ , we conclude that tt o p = 
aT^on , and the first implication is proven. Viceversa, let .Aoo = {0}: so that for 
every a E A there is fc G N such that p'^(a) = 0. Then, if (7r,fjr) is a covariant 
representation, we obtain — TT{p^{a)) = X]|l|=A; V'L^(a)V'z, i where is a 

set of generators of and ipL ■= i^h ■ ■ ■ '4'ik ■ Note that if d is the rank of £ , 
then VIV'L = El = d>^ ■ Now, ^(a) = rf-'^ Ei V'I^WV'l = 0, 

thus TT = . This is a contradiction, so that the lemma is proven. □ 
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Proposition 3.4. Let A be a C(X) -algebra, p a C{X) -endomorphism of A 
with Aoo 7^ {0} . Then, for every vector bundle £ X there exists up to 
isomorphism a unique C{X) -algebra ^ N such that 

• there is a non-degenerate C {X) -morphism i : A ^ A >ip N ; 

• £ is contained in A>ipN as a finitely generated Hilbert C{X) -bimodule; 
furthermore, i o p — ug o i , where as is the inner endomorphism induced 
by £ on A N; 

• ^ x^ N is generated as a C*-algebra by i{A) , £ ; 

• for every covariant representation {tt,£t^) there is a unique non degenerate 
C{X) -representation 11 : x^ N — > L(A^,r) such that 11 o i = tt and 

n(£) - £^ . 

Proof. The unicity of the crossed product foUows the universahty property w.r.t. 
covariant representations. Let us now consider the *-algebra B generated by 
A, £ with relations 

fi^ = i^f .3 2^ 

{af)-yj^a-{fyj) ^^'^^ 
ip ■ a = p{a) ■ 

where a ^ A, ^ £ , / G C{X) and (•, •) is the C(X)-valued scalar product 

on £ . Every covariant representation (tt, induces a representation of B over 
the Hilbert C(X)" -module . We denote by ^x^N the C*-algebra obtained 
by endowing B with the maximal seminorm w.r.t. such representations. It 
follows from the previous lemma that the natural C(X) -morphism i : A ^ 
A yip N is nondegenerate, being ^ {0}. Moreover, £ is contained in 

.A x^ N as a finitely generated Hilbert C(X) -bimodule. By the last of l|3.2|) . 
the inner endomorphism induced by £ extends p as desired. □ 

The next proposition states the compatibility of our crossed product with 
those defined by Stacey, Paschke, Cuntz, by choosing trivial vector bundles. 

Proposition 3.5. Let A be a C(X) -algebra, p a C{X) -endomorphism of A, 
£d '■— X X the trivial rank d vector bundle over X. Then A x^"* N 



isomorphic to the crossed product AxipN (in the sense of JjS^). 



IS 



Proof. The module of continuous sections of £d is isomorphic to the free rank d 
Hilbert C(X) -module. Thus, we can pick d orthonormal generators V'l, ■ ■ • , V'd , 
that appear in A x^"* N as isometrics such that i^ii^j = Sijl, and inducing the 
inner endomorphism extending p. Of course both A x^"* N and A x^ N are 
generated by elements of the type i{a)'ipL4'M i thus, we have to verify only 
that A x^ N satisfies the universal property w.r.t. covariant representations 
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{Tr, £d,TT) (note that ^ N is a C(X) -algebra, so it makes sense to consider 
C(X) -representations of A x^N). Let now M^^ be the Hilbert C(X)"-niodule 
carrying the covariant representation (tt, £d,n) we denote by ipi^^ , i — 1, . . . 
the orthogonal isometrics in L(A^^) generating Sd.T: ■ We have to prove that 
there exists a C(X) -module representation 11 of ^ N as in Prop l3.4l We 
consider a faithful state A on C{X)" , and the Hilbert space Mtt,x obtained 
by introducing on TW^r the C -valued scalar product (v,w)\ :— A(w,w), v,w G 
TWtt. Thus, there is a unital monomorphism ix : L{A4tj) ^ L(7W^ >,), and 
{i\ o TT, {jA(V'i,7r)}^_i ) is a covariant representation in the sense of ^33, §2]. By 
construction of ^x^N, there exists a representation of ^x^N such that i\o 
-K ^Tl\oi and Ii\{tpi) = i\{ipi^Tr)- Now, since i\ is injective and nA(^x^N) C 
i\{L{MTr)) , we can define the C*-algebra morphism 11 :— *a^L;^(l(x ))°^-^' 
f e C{X), beAy^fN, then U{i{f)b) = ollxiiif)) n{b) = ^(/)n(&); since 
TT is a C(X) -representation, we conclude that 11 is a C(X) -representation. It 
is now clear that 11 satisfies by construction the required properties, thus the 
proposition is proven. □ 

Remark 3.1. Let p be an automorphism of a C*-algebra A, C ^ a line 
bundle. Then, the inner endomorphism ac is a 'locally unitary' automorphism 
of A yip N , in analogy with the notion introduced in l^Jjj- 

Example 3.3. Let A be a stable continuous trace C*-algebra with compact 
spectrum X . Then, for every C{X) -endomorphism p of A there exists a unique 
(up to isomorphism) finitely generated Hilbert C {X) -bimodule £{p) contained 
in the multiplier algebra M{A), inducing p on A in the usual way iV. l\l (see 
\16l ^4])- £{p) is isomorphic to the module of continuous sections of a vector 
bundle £{p) — > X . The C*-subalgebra of M[A) generated by A and £{p) is 
isomorphic to the crossed product A Xp^'''' N, since it obviously satisfies the 
universal property w.r.t. covariant representations. 

Example 3.4. Let £ ^ X be a vector bundle, and the fixed point C*- 
algebra of 0$ w.r.t. the circle action 'z(ip) -.— zip, € £ , z £ T. By gen- 
eral facts (see for example §5/j, can be regarded as the inductive limit 
lim(f",f where {£^,£^) is embedded in {£^^^,£^^^) by tensoring on the 

— *r 

right by the identity of {£, £) . If p £ {£, £) is a projection, we define the shift 
endomorphism p :~ t ^ p ®t , with t G (f , f ) C . Let in particular p be 
a rank 1 projection, and p :— p. We prove that 

Of-OO x^N, 

where C p£ C £ is the line bundle projected by p. Since 

£={£,£)■£ := span {tip , t e {£,£), Lp e Z} , (3.3) 

we find that Og is generated by , C . Furthermore, p becomes inner in Os : 
in fact, the identity [p ® t) ■ [ip 1) = (p ® t , t <E {£'^,£^), ip £ p£ C , 
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is equivalent to p{t)ip = ipt in the CP-algebra Os . Finally, we have to prove 
that Os satisfies the universal property for covariant representations. Let (tt : 
Og L{A4t^), Ctt) be a covariant representation. Since p is induced by C 
we find (t, p) — (i, £) , so that (p, p) = (£, C) ; since p has rank 1 , we find 
{£,£) = P-{£,£) - P = C{X) - p. If t,t' G {£,£), ip,ip' e C, we find, with 
fp:=pt*t'pGC{X)-p, 

Lp*t*t'Lp' = ip*pt*t'pip' = ftp*if' e C{X) ; 

moreover, if LpT^,ip'^ G Ct, are the images of Lp,ip' ^ C w.r.t. the isomorphism 

v>{t*t'y. = vin{p)n{t*t')iT{py, = - /(^v g c{x) . (3.4) 

The previous equality implies that S^^ '.— 7r(f , £) ■ Ct, is a Hilbert C{X) -bimodule 
in L{M-n) . Recall from yS. 3\) that if ^ & £ , then il; = tip , t £ {£,£), ip & C 
(up to linear combinations with coefficients in C{X) ). We define the following 
morphism of Hilbert C{X) -bimodules: 

(j) : £ £t; : tip Tr{t)ipTr ■ 

implies that (j) preserves the C{X) -valued scalar product, thus (j) is an 
isomorphism. By universality of the CP-algebra, there exists a unique C{X)- 
monomorphism H : Og L{A4t^) extending (j): by construction, 11 is the 
desired representation extending tt . 



4 The C*-algebra of a G-vector bundle. 

We start the present section by fixing some notations: if d G N, then if ~ is 
the standard Hilbert space with rank d ; is the C*-algebra of d x d matrices 
with coefficients in C; Md^d' , d' G N, is the Banach space oi d x d' matrices 
with coefficients in C. If r G N, we denote by the r-fold tensor power of 
iJ; if r = we define iJ" := C. We also make use of the notation {H^jH"), 
r, s G N , to denote the Banach space of linear operators from into H" , so 
that {H^,H^) ~ M(ir . Note that the Cuntz algebra Od is generated by the 
spaces {H^, H"), r, s G N, according to the procedure described in [21 

For basic notions and terminology about vector bundles, we refere to pilTI^. 
while for generic fibre bundles we refere to jl7| . 

Let X be a compact Hausdorff space, £ ^ X a rank d vector bundle; we 
denote hy £x — H the fibre of £ over x E X , and by £ the Hilbert C{X)- 
bimodule of continuous sections of £ . We denote the elements of £ by 

tp : X ~i £ : X 1-^ ^/jx e £x £ . (4.1) 

In the sequel, we will often make use of the following property: let [/ C X be 
a closed set with nonempty interior, ttj/ : £\u U x H a local chart. Then, 
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by functoriality a local chart 7r[ : £^''|(7 J7 x is induced for every r G N. 
Now, for every r £ N the bimodule of continuous sections oi U x is given 
by the free bimodule C{U) (8) , that we identify with the space of continuous 
maps from U into . The local charts 7r[} define restriction morphisms 

ijj & £^ ^ X £ U. More in general, by extending over elements of the 

type ipLipl^, \L\ = s, \M\ = r (see we obtain restriction morphisms 

i,"^' ■.{£\£^)^C{U)®{H\H^) , (4.2) 

Note that 7r[;«(n) = njj\t') n/{t), t e {£\E'), t' e (£^£:'^). Thus, the 
following local chart is induced on Og : 

au ■.0£\u^ C{U) ® Od , au{t) := ir'^^t) , (4.3) 

t e {E^S") C Of. 

4.1 Unitary operators on vector bundles. 

Let \]£ be the group of unitary endomorphisms oi £ . It is well-known that 
{£, £) is a locally trivial continuous bundle with fibre , thus \J£ can be 
naturally regarded as the group of continuous sections of a fibre bundle 1A£ 
X , that we call the unitary bundle of £ . IA£ can be constructed in the following 
way: let {uij : Xi f^Xj V{d)} G H^{X,V{d)) be a set of transition maps 
associated with £ for an open trivializing cover {Xi} (see T5. L3.5] about such 
a terminology); then, b(£ is constructed by clutching the bundles Xi x V{d) 
via the maps fij{x, u) :— (x, Uij{x) ■ u ■ Uij{x)) , {x,u) £ {Xi CiXj) x V{d) . We 
denote by rj : U£ — > X the surjective map associated with the bundle structure 
of U£ . By construction, U£ has fibre U£x '■— rj~^{x) ~ \}{d) and structure 
group U(c?)/T, acting by adjoint action. By fimctoriality, if ttjj : £\u U x H 
is a local chart for £ , then a local chart 

Tju ■■ U£\u -> L/ X U(d) (4.4) 

is induced. The elements of U5 can be described by families of continuous 
maps gi : Xi \]{d) , satisfying the cocycle relations Uijgj — QiUij . If f is 
trivial, then U£ ~ X x \]{d) and \]£ is isomorphic to C(X, U((i)), i.e. the 
group of continuous maps from X into U(d) . 

Remark 4.1. Let U £ X be a closed set with non empty interior trivializing £ , 
■K^j^ : {£,£) — > C(U) (8> {H,H) be the restriction morphism \4-.S\ l. In particular, 
we obtain the restriction morphism 

■k]]^ : IJ£ C{U,V{d)) . 



12 



Remark 4.2. We denote by 

the evaluation of g ^ \J£ over x G X . It is well-known that U£ is full, i.e. 
for every x G X , u E hi£x there is g G \J£ such that u = . The argument 
for the proof is the following. Pick an open set U ^ X with a local chart 
rju : U£\u U x V{d); if (uj,gQ) G U x V{d) , then there is a continuous 
map u : [0,1] — > l]{d) such that u(l) — go, u(0) = 1. We consider a cutoff 
A G C{X), < A < 1, with support contained in U , X{uj) = 1, and construct 
a continuous section g G XJ£ , 

n — i Vu^i^ ' uoX{x)) , X eU 
• { I , xex-u 

where 1 G \J£ is the identity. Note that g^^ — rj^^ ^ go) . Since go is an 
arbitrary element of l]{d) ~ U£uj , the assertion is proved. 



We consider the determinant map det : — > C{X,T), {det{g)){x) := 
det(5a;), and introduce the group of special unitaries S\J£ := det~^ {1}. It is 
well-known that SIJ£ is the group of continuous sections of a bundle SL(£ — > X 
with fibre SU(d) . 

Let G be a closed subgroup of XJ£ ; then G acts in a natural way over £ , 
which becomes a G-vector bundle (with trivial G-action over AT ) in the sense of 
121 §1-6]. Note that in general G is not (locally) compact (for example, consider 
£ := X X H , so that \J£ — C{X,l]{d)) ). A technical consequence of this fact 
is that there is no immediate analogue of the Haar measure, for such a kind of 
groups. 

Remark 4.3. Let Go be a locally compact group, £ X a Gq -vector bundle 
such that the Go -action is trivial on X . Then, every g G Go defines a unitary 
map on £ , so that there is a morphism U : Go ^ U£ of topological groups. If 
U is infective, then UGq C \J£ is locally compact. 

Let G C be a closed group; by the identification {£, £) ~ {£, £) , we 
obtain that G acts on £ by unitary G(X)-bimodule operators. 

Let be the CP-algebra associated with £. We introduce a canonical 
U£ -action on : if g G 15 £ , then g® G (f ,f ) for every r G N, and we 
define 

?(^):=g«^^•5*^'■G(f^£^), (4.5) 

where g G Uf, t G {£'^,£^). The map {g^'g} defines an -action by 
G(X) -automorphisms on Og (this fact is a consequence of the universality of 
the CP-algebra, see ^2 §3]). We also consider the fixed-point Banach G{X)- 
bimodules 

{r, r )g {y G (f ^ : g{y) = y, g G G} , r, s G N . (4.6) 
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If X reduces to a single point, then we recover the canonical U(d) -action over 
the Cuntz algebra Od studied in §1]; if Go C U(d) is a closed group we 
denote by {H^ , H'^)oo , r, s £ N, the corresponding fixed-point Banach spaces, 
and by Ogo ^ Od the associated C*-algebra. 

Let {tx e be the vector field associated with t £ Os ■ Then, it is 

clear that the vector field associated with g{t) is given by {gxitx) G Od]x^x- 

As we will see in the sequel, the Banach C(X)-biniodules {£'^,£^)g are 
not necessarily finitely generated, thus they do not correspond to modules of 
continuous sections of vector bundles in the usual sense. They define more 
in general (non- locally trivial) Banach bundles in the sense of ^S], also called 
quasi vector bundles in |18[ I.l]. In the special case in which Go is a locally 
compact group and f is a Go -vector bundle (with trivial Go -action over X , 
see Rem l4.3f) . then the bimodules {S^,£^)go correspond to vector bundles (as 
can be proven with the argument used in [3 Prop. 1.6.2]). 

4.2 Algebraic properties of Og- 

We consider the *-subalgebra of generated by the Banach C{X)- 

bimodules (f ,f )g, r,s £ N, and denote by Oq the closure of °Og in 
■ naturally inherits from the structure of continuous bundle of 

C*-algebras, with fibre 

(Og). . 

If y e Og , we denote by i/x G Od the evaluation of y over x ^ X as a vector 
field. As by (|2.2|) . we denote by a the canonical endomorphism of Og . If g is 
any element of XJ£ , then for t g (f , f*) we find goa{t) —g{l(S^t) = 1 (8) g{t) , 
so that goa — (J og. Thus, for every G C U£, the restriction ctg G endOc of 
the canonical endomorphism is well defined. For intertwiners, as usual we use 
the notation 

(a^, aj) {y E Og : yjhiv') = ^h{y')y^ v' G Og} • 

We now discuss structural properties of Og and the canonical endomorphism 
(TG • Let us denote by \£ C £'^ the exterior tensor product with order the 
rank oi £ . X£ —> X is a. line bundle, and \{£ © £') = X£ X£' (see for 
example ^1 §9.12 (b)] about the above identity); by identifying i?^(X, Z) with 
the group of isomorphism classes of line bundles over X (endowed with the 
tensor product as group operation), we obtain an epimorphism A : K{X) 
H^{X, Z) , i.e. the first Chern class. We now give a local description of X£ . We 
consider a trivialization iTi : £\-^, h-> Xi x H , such that £ admits a family of 
transition maps {uij := -Ki o nj^ : Xi (1 Xj — * U((i)} ; note that for every r G N, 
a local chart 7r[ : £'^\xi Xi x is induced. We pick a partition of unity 
{Xi} subordinate to the open cover {Xi} and consider, for each index i, the 
continuous sections 

R,:=K-{Trf)-' oRe{i,£'') , (4.7) 
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where 

i? := ^ sign (p) ep(i) ® • • • ® Cp^a) e (l, H"^) (4.8) 

p6Pd 

is regarded as a constant section of x H'^ (P^j denotes the permutation 
group, and {e;,} is the standard orthonormal basis of H). The i?i's satisfy the 
relations 

R*Rj = = A,A, (r, uf^R^ = \\j det (uy) G , (4.9) 

XiRj = det {uij) Ri , (4-10) 

=^(i?„i?,) = l, (4.11) 

and generate {i,X£) C (t, f'^) as a right Hilbert C(X)-niodule. Since g{Ri) = 
det{g)Ri = Ri, g G SUf , the SUf -action on {l, X£) is triviaL Now, the 
support of {l, X£) in Os is the projection 

(4.12) 

i 

so that, by using f^T^ . we find g(P) = det(g)P det(5*) = P for g G . The 
previous considerations imply that (t, Af ) C Osus and P G Cue ■ 

An element of (£^,f^) that wiU play a special role in the sequel is the 
symmetry 9 G {£^,£^), 

6)(V' V') — V'' ® V' , (4.13) 

where G (t,f). It is clear that 6 = 9*= 9~^ . As an element of Of, 6* 

can be expressed as 

e = J2^m^irm^: , (4.14) 

l,m 

where {ipi} is a set of generators of (i, £) . Since the right C(AC) -action coincides 
with the left one on (i, £) , we obtain that 9 is actually well defined (i.e., it does 
not depend on the choice of generators), bypassing the problems mentioned in 
13 Rem.6.4]. Thus, for g G V£ we find 

9(0) = E(5V'm)(5V'i)(5V'™)*(ffV'i)* = , 

SO that 9 G Cue • 

Let Poo denote the group of finite permutations of N, § G endPoo the shift 
endomorphism (§p)(l) := 1, (Sp)(n) := 1 + p{n — 1), p E Poo. By using the 
canonical endomorphism and the symmetry we get, with the same methods used 
in |12[ §2], the following representation of Poo in : 

¥r3p^ e{p) G (f ^ £n : e{p) ■ := , G (^, £) • (4.15) 
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Note that 9 o S(p) = a o 9{p) , and that each 9{p) is a word in 9, (t{9) , • • • , 
cr^{9) for some s G N. Since the canonical endomorphism commutes with the 
Uf -action, 9{p) belongs to 0\js for each p. In particular, we will make use 
of the unitary operators 9{r,s) £ (f permuting the first r factors of 
the tensor product f with the remaining s . Elementary properties of these 
operators, which are the same for vector bundles as well as for Hilbert spaces, 
are given in ^| §2]. We will make use of the obvious identity 

9{s,l)-{t®l)^{l®t)-9{r,l) , 

t e which regarded in Og becomes 

9{s,l)-t^a{t) ■9{r,l) . (4.16) 

Note that in particular 9iIj = ct(V') , ip £ {i,£) ■ 

Remark 4.4. Let R G (i, H'^) he the isometry defined in Then, the iden- 
tity RR* = ^ sign(p)^^(p) holds (see remarks after ^12, Lemma 3.7]); by 

applying j^. we find 

P = J2 R^R: = J\Y. sign(p)e(p) , (4.17) 
» ' per a 

so that P belongs to the cr -stable algebra generated by 9 . 

Proposition 4.1. 

• a{t) = lim^^oo 9{r + fc, 1) • t • 9{r, 1)* , for every t e O^- ; 

• if t eOe and [t, 9{p)] =0 for peVoo, then a{t) =t and t e C{X); 

• if G is any subgroup of \J£ , then O'q H Of = C{X); 

• the amenability property holds, i.e. {£^,£'^)g — (^G'^^g) s G N. 
Proof. 

• It follows immediately by 14.16|l . and by considering the inductive limit. 

• lit commutes with 9{p) for every p G Poo , then tx9x{p) = 9x{p)tx for each 
fibre tx G Od and the corresponding permutation operator 9x (p) G Od , as 
X varies in X . Thus, by 12, Lemma 3.2] we find tx GC, and t G C{X). 

• Since 9 G Ouf C Oq and Og is ctg -stable, we find that t e Oq n 
commutes with 9{p) for every p G Poo , so that t G C{X) . 

• If f G ((t£,ctJ), then tLM := ^Lt^^M G n Of = C{X) for V^m G 
{l,£''), tpM G {l,£'). Thus, t = Y^LM^LMi^Ltpli & {£'',£''), and it is by 
definition G-invariant. Viceversa, if i G {£'^,£^)g, then t G {£'^,£^) = 
{a^,a'') (see Ex l3.2() : since by hypothesis t G Og, in particular t belongs 
to (cr2;,crj). 
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Remark 4.5. By 14-^6] ) and the amenability property, we conclude that 
e{s,l)-t = <j{t)-d{r,l) , ; 

thus a has permutation symmetry in the sense of \14[ ^4]^ '^•s for the case in 
which X reduces to a point studied in The same is true for every restriction 

CFG, G C Uf . 

Lemma 4.2. Let £ ^ X be a rank d vector bundle. Then, for every R, R (E 
(t, X£) the following equality holds: 

R*a{R') = {-lY-^d-^R*R' . (4.18) 

If G C S\J£ , then ac G endOc satisfies the special conjugate property in 
the sense of \14\ ^4] */ ''■n-d only if the first Chern class of £ vanishes, i.e. 
Af ~ X X C . 

Proof. By ^1 Lemma 2.2], we have 

R*aiR) = i-iy-^d-^ , (4.19) 

where R is defined by (|4.8() . Let {Ri} be the set of generators of {l,X£) 
introduced in g^; then R*a{Ri) = (-l)'^-^^-^! , so that, by using 
ICTHl we find Xi\jR*a{Rj) = {-lY-^d-^\\jR*R.j . Since Ri (resp. Rj) has 
the same support of \i (resp. \j ), we can divide the previous equafity by A^Aj , 
and obtain 

R*a{Rj) = {-lf-^d'^R*Rj ; 

since {Ri} generates {t,\£), we obtain (|4.18|l . 

About the second assertion, note that G C SXJ£ impfies {l,X£) C [l,£''')q; 
thus, by amenabifity (t, \£) C (t, ctq) . Recah that by definition satisfies the 
special conjugate property if and only if there is G (t, CTq) generating (i, \£) 
as a Hilbert C(X)-module, i.e., S*S =1, SS* = P (by P15|l . this impfies 
that S satisfies also H4.19|l V This happens if and only if \£ is trivial. □ 

The previously exposed properties (in particular the amenability) allow to 
give the following 

Definition 4.3. Let £ ^ X be a vector bundle, G C \J£ a closed group. We 
denote by G the symmetric tensor C*-category with objects the tensor powers 
£'^ , r e N, and arrows the invariant G{X) -bimodules (f,f )g. G is called 
the dual of G. 

Note that when X reduces to a single point, then G is the category of tensor 
powers of the defining representation of G . 
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Corollary 4.4. Let G C be a closed group. Then, there is an isomorphism 
of tensor C*-categories ac — G . 

Proof. The amenability property proved in Prop ETI implies that ac and G 
are isomorphic as C*-categories. Let now 1^ £ (f ,f ) be the identity map 
(note that 1^ coincides with the identity in the Pimsner algebra Og). Then, 
the identity 

t(g)t' = (t(g) Is') ■ {lr(E> t) =ta''{t') , t€{£\£') , t' e {£''',£'') 
implies that ctg and G are isomorphic as tensor C*-categories. □ 

4.3 Og as a continuous bundle. 

It is expectable that if G C \J£ is a closed group, then a natural notion of 
'fibre' of G over x G X may be given. We now define two natural candidates 
for this role. As first, for every x G X we introduce the closed group 

G. {g. : .g e G} C U(d) . (4.20) 

Now, for every x E X there is an inclusion {Og)x ^ Od. We consider the group 

aut(Og)_^Od := {a e autOd ■ a{y) ^ y,y £ {Og)x} ■ 

It is clear from the definition of the canonical action (|4.5|l that there is an 
immersion Gx > autjQ^)^ : g^ ^ gx , x £ X . hi general such an immersion is 
not surjective, as evident from the following example. 

Example 4.1. Let X := [0,1] , £ := X x H , {)<uj <\, and 

G:^{geC{XMd)).gu^l} ■ 

Then Gx = \J{d) for every x ^ uj , and G^j — {!}• It is clear that (f,^*) = 
C{X) ® {W^jH^). Let now t G (£'",£*') be G-invariant. Then, for every 
neighbourhood U of lu , we find that t\-^_jj is a norm- continuous map taking 
values into (if, iJ^)u((i) . Let x e X — U; by Jjl'A Lemma 3.6], for r ^ s we find 
tx = Q , and for r = s we find t^ G [H^ , H^)v{d) ■ By continuity, = if r ^ 
s, and t^ e (i^^i^'■)u(<i) forr^s. Thus, (5^£^)G = C{X) ® (7^^ , 
and {Og)x — C'o(d) every x G X . By applying '12, Cor. 3. 3], we conclude 
that autoyj^jOrf ~ U(d) for every x G X . 

Remark 4.6. We consider the Cuntz algebra Od, with the fixed- point C*-algebra 
Csii((i) ^ C'rf w.r.t. the S\]{d) -action i4.5}) . Let A be a a -stable, unital C*- 
algebra with inclusions Osind) ^ ^ C>d (this implies A' HA Q A' Ci Od = CI , 
see Lemma 3.2]). We define p := cr|^ , and note that p satisfies permutation 
symmetry and special conjugate property in the sense of \lJi\ %4]- Suppose that 
A is generated by the intertwiners spaces (p'',/?^), r, s G N. Let G aMtj^Od 
denote the stabilizer of A in Od- Then, by \14\ Thm. 4.1, Lemma 4-6], we obtain 
that G can be regarded as a closed subgroup of SU{d) acting on Od by the action 
wtthA = OG, P = <JG, (p'',p^) = ((T^,a&), r,sGN. 
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Let £ X he a rank d vector bundle, J-' C Os a a-stable continuous 
bundle of C*-algebras. We denote hy J^x Q Od , x E X , the fibre of T over x, 
and p := a\yr e endJ^ . 

Lemma 4.5. With the above notation, suppose 0\js Q ^ ■ Then, for every 
X E X the action j^.5| ) defines a group isomorphism 

aut^^Od ^ K"" {g e U(d) : g{t) =t , t e T^} ■ 

Moreover, suppose Osuf Q md that T is generated by the intertwiners 
spaces {p^ , p'^) , r, s G N. Then, C §U(d) and Tx — Ok^ for every x Cz X . 

Proof Since Ous C T wc find T' n Og C O^j^ n = C(X) , thus n 
Od = CI. Let now a S aut^^Od, ip,ip' e (l^H) C Od, t e Tx- Then 
tjj*a{^p')t = 2p*a{px{t)i/}) = tip*a{ip), and we conclude V'*a(-0') G CI. Thus a 
acts on (t, i/) as a unitary operator: a(V') = g^J , ip E {l, H) , g E U(d) , and 
this proves that a = 'g. We conclude that every element of aut jr^Od is the 
image of an element of w.r.t. the map H4.5|l . 

Let px G end^Fa; be the canonical endomorphism Px{tx) '■= '^®tx, tx G 
{p^ , p^)x C J-x ■ Since Osus C C , we have C*-algebra inclusions Osiu(d) C 
•^a: C ; with the argument of Rem 14.61 we conclude that Tx is the fixed-point 
algebra of Od w.r.t. the action of the stabilizer of Tx in Od- Rem l4.6l also 
implies that K'-^ can be identified as a closed subgroup of §l[J((i) , acting on Od 
by the action (|4.5() . so that there is an isomorphism Tx — Ok'^ ■ □ 

Corollary 4.6. Let £ X be a rank d vector bundle, G C \]£ a closed group. 
Then, for every x E X the action \4.^ induces an isomorphism 

aut(o^), ^ := [g G U(d) : g{t) = t,te (Og)J 

Moreover, if G ^ S\J£ then {Og)x ~ Oq^ for every x ^ X . 

Remark 4.7. Let G C SUf . By the previous corollary, Og is a continuous 
bundle with fibres nuclear (IfO^), simple Thm.3.1]) C*-algebras. 

The groups G^ are said the spectral fibres of G . 

Now, recall that for every u G U£ there is 17 G XJ£ such that u = gx, 
X := rj{u) (see Rem l4.2ll . Thus, for every x & X , \5£x — U((i) acts by auto- 
morphisms on {0£.)x ~ Od, by defining u{t) := gx{t) , t G {0£)x. 

Definition 4.7. Let £ X be a rank d vector bundle, G C \J£ a closed 
group. The spectral bundle associated with G is the topological subspace of 
U£ 

g:^{ueU£ : u{y) , ye (Og)^; , xeX}CU£ , 
endowed with the projection ttq : Q X , TTciu) :— ri[u) . 

By recalling the definition of spectral fibre, we obtain an isomorphism tt^^ (x) ~ 
G^ for every x e X . We denote by 

SG := {g G : 5:, G Vx G X} (4.21) 
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the closed group of elements of US which arc continuous sections of Q . Since 
Gx Q , x e X , it is clear that 

GCSG . 

Note that there is a simple criterion to determine whether some g G \J£ is an 
element of SG : it suffices in fact to verify that g.^ G G^ for every x ^ X . 

Example 4.2. We consider a closed group Gq C U{d), acting on the trivial 
bundle £ := X x H by the natural action v ^ gv , g £ Gq , v E £x — H . 
Note that {r\£^) = C(X) ® r,s & n,' and Oe = C{X) (g) Od- Let 

G C U£ = C{X, U((i)) be the group of Gq -valued, constant maps, and G{X, Gq) 
the group of continuous maps from X into Gq . It is clear that C{X,Go) is a 
closed group of \J£ , and it is easily verified that 

{£'■,£^0 = (^^ ncix,Go} = G{X) (E> {H\W)g, . 

Thus Og — G{X) (x) ; the spectral bundle associated with G is Q = X x Gq , 
with SG = C{X, Gq) . 

In analogy with ^1 Cor. 3. 3], the following result allows the reconstruction 
of the spectral bundle of G from the triple {Og,<Jg,£) and thus, because of 
the amenability, from the dual G. We denote by auto^Og the group of auto- 
morphisms of Os coinciding with the identity on Og , i-C. the stabilizer of Og 
in Os. 

Proposition 4.8. For every closed group G C \J£ there is a natural isomor- 
phism SG ~ auto^Os , where SG is the group of continuous sections of the 

spectral bundle Q ^ X . The duality map i— > g| is injective. 

Proof. By definition it is clear that there is an immersion SG ^ auto^Og, 
g ^g. Viceversa, let a G auto^O^. Then for tp,ip' G £ we find ip* a{'(l))y = 
'ip*a{ipy) = ip*a{y)a{'ip) = yil>*a{'ip) for every y G Og , so that by Prop l4.ll 
ip*a{4') belongs to G{X) and a = 5 for some g G \5£ . In order to prove that 
g G SG it suffices to verify, for every x G X , that gx belongs to the spectral 
fibre : g{y) = y ^ {9{y))x = dxiyx) = yx , y ^Og- Since {Og)x = Og- , 
we find gx eG"". Finally, let G, G' such that G = (?. Then Og = Og' , and 
Qx ^ Q,x ^ aut(c)g)^Od , for every xeX. Thus G = G' . □ 

The fact we recover SG instead of G in Prop l4.8l is an example of the 
absence of the Galois property remarked in §7]. A crucial point to get the 

injectivity of the duality map |^ 1-^ g| is that the vector bundle £ has to be 

fixed; counterexamples will be given in the sequel fCor l4.l5|l . 

Corollary 4.9. Let G, G' C V£ with G = SG , G' = SG' . Suppose there exists 
an automorphism a of Os with a(a^,(7'^) = {a''',(7'^) for r,s G N, and such 
that a{OG) = Og' ■ Then G and G' are conjugate, i.e. there exists u G 
such that G' = uGu* . 



20 



Proof. Since a{a'^,a") = (cr'",(T*), by amenability we find a(t,£) = {i,£), thus 
a — u, u G \J£ . Let now g £ auto^O^ G , ij: £ {l,£)g'- Since q;~^(-0) = 
€ we find ugu*ijj = V'! by the same argument, {ugu*y is the 

identity on {£^,£'')g/. Thus, {ugu*y£ auta^,0£ ~ G'. By exchanging the 
role of G , G' we obtain the desired equality G' = uGu* . □ 

Lemma 4.10. Let G C JJE be a closed group. Then G — G' for every closed 
group G' C \3£ such that Q — Q' . In particular, G = SG and Oq = Osg ■ 

Proof. If y e (£'',£'')g, then e iOG)x for every x e X, thus by CorlOl 
yx is G^ -invariant. Let now g G SG; since gx G G^ for every x S X we 
find {'g{y))x = dxiVx) = Ux, and = y. Now, if G' has the same spectral 
bundle as G then g'^ e G"^ for every g' G G', thus g'{y) = y. So that, we 
proved that (f , 5'')g C (f, £^)g' ■ By exchanging the role of G, G' we obtain 
{r,£')G^{£^,£')G'- □ 

Example 4.3. Referring to Example \4.1\ it is clear that G ^ C{X,\]{d)) ; 
anyway, the spectral bundle of G is X x V{d) , and G =^ C{X,l]{d)y. 



We now study some topological properties of spectral bundles, and investi- 
gate how the structure of the algebras Og reflects such properties. According 
to H4.4(l . if TTij : £\ij U x H is a local chart for £, we use the notation 
77(7 : U£\u ^ U X lJ{d) for the corresponding local chart induced on the unitary 
bundle. 

Definition 4.11. Let G C \J£ be a closed group. A local chart for the 
spectral bundle Q is given by a local chart ttu : £\ij — > U x H such that 
Vu{G\u) — U X Go, where Go C i][d) is a closed group. 

Given a local chart ttu for Q, it is clear that the restriction map tt^^ : 
\J£ G{U, V{d)) restricts to a map nlj^ : SG C{U, Go) . 

We say that the spectral bundle Q X \s locally trivial if for every x £ X 
there is a neighborhood U B x defining a local chart for Q. If we can pick 
U = X , then we say that Q is trivial. A subgroup G of XJ£ does not define 
locally trivial spectral bundles in general (see Ex l4.5l below). In order for a 
more concise terminology, in the sequel we will say that G is locally trivial if 
and only if the spectral bundle Q —f X is locally trivial. If X is connected, 
the local triviality implies that the isomorphism class of the spectral fibres is 
constant, so that there is Go C lj(d) and an open trivializing cover {Ui} such 
that Q\^, ~ [/i X Go . Thus, the elements of SG can be described in terms of 
continuous maps gi : Ui ^ Go satisfying the cocycle relations Uijgj — giUij , 
where uij : Ui fl Uj — > \S{d) are transition maps for £ . li Q is trivial, then there 
is an isomorphism SG ~ G{X, Go) . 

Locally trivial group bundles of the type above have been studied in the 
setting of a generalized equivariant ii' -theory in 26^ . 
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Example 4.4. Let £ X be a vector bundle. Then the spectral bundle asso- 
ciated with TJS is the unitary bundle US . In the same way, the spectral bundle 
associated with SU£^ is the special unitary bundle SUE . These bundles are 
locally trivial, and are trivial if and only if £ is the tensor product of a trivial 
bundle with a line bundle. 

Example 4.5. Let X [0,2], £ :— X x H , Go C SU(d) be a closed group. 
We fix LO £ (0, 1) and consider the group 

G^{ge C{X,SV{d)) : e Go , X e[0,uj] } C SIJ£ . 

Since £ is trivial, we find Os — C{X) ® Od- If t £ Oq C Os , we find 
that t,j. g Od is §V{d) -invariant for every x £ (w,2], i.e. tj. G O^n^d) ■ The 
map {X 3 X i-^ tx G Od} being continuous, we obtain that t^ is norm limit of 
elements of C'su(d) , thus t^^ G C'sij(d) • This fact implies that (Og)u ~ Osvid) , 
so that = SU(d) . Thus, 

Q = {[Q,Lo) X Go) U {[uj,2] xSU(d)) 

is not locally trivial. This also implies that {£^,£'^)q, r,s G N, is not the 
bimodule of continuous sections of a vector bundle: in fact, the Banach bundle 
associated with (f has fibre {H^ , II^)Qg for x < uj , while for x > lu the 

fibre is {H^, -f^*)su(d) • Note that G^j = Go is strictly contained in G'^ — SU((i) . 
If g € SG then g^ G Go for every x G [0,a;); thus. Go being closed, by 
continuity we obtain g^ £ Gq . We conclude that g € G , so that G — SG . 

Example 4.6. Let denote the circle, and X :~ x S^ . Note that there 
is a standard closed cover X — Ci U C2 , where Gi , G2 are homeomorphic to 
the cylinder [0, 1] x S'^, and Y := Ci Ci G2 is the disjoint union S^ LA . Let 
£ ^ X be a rank d vector bundle, d > 1. Since Ci, i — 1,2, is homotopic 
to S^ , we find that £\ci is trivial, so that £ is described by a transition map 
u : Y ~-^ l](d) . An element g G SU£ is described by a pair of continuous maps 
gi : Ci ^ S\]{d) , i — 1,2 , satisfying the cocycle relation 52 = ^'iu(gi) := ugiu* . 
Let Go C SU((i) be a closed subgroup, G {g G SU£ : g2{x) G Go,x G G2}; 
then the spectral bundle Q is obtained by clutching the trivial bundles Gi x SU(d) , 
G2 X Go via the transition map adu : Y U(fi)/T. It is clear that Q is not 
locally trivial. 

Lemma 4.12. If the spectral bundle Q ^ X is trivial, then there is a compact 
Lie group Gq C \J{d) acting on £ , in a such way that {£^,£'')q = {£^ ,£'^)qq , 
r, s G N . If G is locally trivial with spectral fibre Gq , then for every x £ X 
there is a neighborhood U 3 x such that {£^ , £'^)q\ij = (£^\ij,£'^\ij)Qg , r, s G N. 

Proof. Let Go be the spectral fibre of Q . Then ~ X x Go , and there is an 
isomorphism SG ~ C{X,Go). Thus Q can be associated with the group of 
constant Go -valued sections (see Ex l4.2ll . The second assertion follows trivially 
from the first one, by considering local charts Q\u ~ U x Gq , U C X . □ 
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Definition 4.13. Let G C \J£ be a closed group, U C X a closed set with 
nonempty interior. A local chart for the pair (Os^Og) is given by 

• a local chart ajj : Oglu — > C{U) ® Od, such that 

au{£\n\u ^ C{U) ® {H\H') , r,sGN ; 

• a closed group Gq C l]{d) , such that au{OG\u) — G{U) ® Og„ ■ 

Note that if au is a local chart for (Of, Og) , then au{£^ , £'^)g\u = C{U)(E) 
{H^ , H^)go , r,s G N. Thus au 'trivializes' the Banach bimodules {£^,£'')g, 
i.e. the spaces of arrows of G. The pair {0£,0g) is said locally trivial if for 
every x € X there is a closed U 3 x with nonempty interior carrying a local 
chart for {0£,0g). 

Proposition 4.14. Let X be connected, G C XJ£ a closed group. Then, the 
pair (Of, Og) is locally trivial if and only if G is locally trivial. Ln such a case, 
there is a closed group Go C U(d) such that, for every x € X , 

(Og). -Ogo , G^~Go . (4.22) 

Proof. Let iru : £\ij UxH bea local chart for Q , with the induced restriction 
morphism tt^'' : SG C{U, Gq) . We now construct a local chart for {Og, Og) ■ 
Let 

au -.OeIu '^C{U)®Od , 

be the local chart defined by H4.3|l : we now verify that au restricts to a local 
chart for Og ■ Let go G Gq ; with an abuse of notation, we denote by go the 
constant map {U 3 x i-^ go} . It is clear that go is a continuous (constant) 
section oi U x Gq. Since there is a bundle isomorphism U x Go — G\u , there 
is a continuous section gu '■ U ^ Q\u such that 

'^u^idu) = go • 

Since {gu)x e G^, x e U , we find that guiuu) = Uu for every yu e Og\u ■ 
Moreover, since au{gu) = T^u^ifJu) —90, it is clear that 

(xu ° du = do ° oiu ■ (4.23) 

The previous equality implies that au{OG\u) is the fixed-point algebra of 
C{U) (g) Od w.r.t. the action by automorphisms of the type go, go G Go, 
thus auiOGlu) = C{U) Ogo (see Ex O|) . 

Let now au be a local chart for (Og, Og) ', we denote by ax G autOd , x £ X 
the automorphism induced by the evaluation of au over each fibre a; G [/, so 
that there is a commutative diagram 

0£\u^^G{U)®Od 
Od ^^^Od 
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where the vertical arrows are the evaluation epimorphisms over the fibres. Since 
au(i-, £)\u = C{U)®H, the Serre-Swan equivalence implies that there is a local 
chart nu : £\u — * U x H. Now, the local chart ttu induces a local chart 
rju : L{£\if — > [/ x U((i) ; in order to prove the proposition, we verify that rju 
restricts to a map from Q onto U x Gq. Let g € \J£ with € C US , 
{x,g'^) :— i]u{gx) & U X U(d) . We verify that g'^ G Gq. For this purpose, note 
that if t G (f,!?*) then, with the same argument as H4.23|l and by recalling 

From the previous equalities, it follows that G {Og)x (i-e., ax{tx) € Cgo ) if 
and only if g'^ G Go . Thus, the proposition is proved. □ 

4.4 The cases G = VS, G = SV£. 

Proposition 4.15. Ouf is the a -stable C*-suhalgehra of Og generated by 6 
and C{X) , and is isomorphic to C{X) (E) Ou(d) • 

Proof. Let 9d G C'u(d) denote the exchange operator on H®H, ad the canonical 
endomorphism on C'u(d) . By ^1 Lemma 3.6] it follows that C{X) (g) Ou(fi) is 
generated as a G*-algebra by C{X), 1 (g) 0^, and by closing w.r.t. the action 
of L®(Jd (here t denotes the identity automorphism on C{X)). Let {Ui\ be 
a closed trivializing cover for 5, with local charts ttij. : £\ij. ^ Ut x H \ we 
denote by {uy := tt; o ttJ^ : Xi n Xi —> U(o?)} the associated set of transition 
maps. By (|4.3|l . local charts 

aur-0£\u,^C{Ui)®Od (4.24) 

are induced, in such a way that the cocycle associated with Og as a G*-algebra 
bundle is given by {uij : Xi n Xj — > autC^} (see |S, §4]). Since a local chart 
for US is induced by every ttu^ , it follows from ProD l4.1^ that H4.24|l restricts 
to a local chart /Jjy. : Ouel^i ~^ G(C/i) ® Ou(d) . Thus, the lemma will be proved 
if every transition map 

A, := Pu, o p-^ G aut(G([/, n Uj) » Oy^d)) 

reduces to the identity. Now, it is clear that (3ij is the restriction of Uij to 
C{Uir\Uj)^Oiij(^d) ; since 9d is ILJ(d) -invariant, we find I3ij{l®6d) = Uij{\®9d) = 
l®9d', furthermore, Pij o (i (g) cr^) = o (;, (g) ct^) = (t (g Ud) o Uij = (Kg Od) o Aj . 
Thus, by evaluating /3y over products of elements of the type (t (g) cr2){l ® ^d) , 
r G N, we conclude that /3y is the identity automorphism, and the lemma is 
proved. In particular, for every r G N there is an isomorphism (f",f )ue — 
(i^^ i?'')u(d) (^C{X) , while for r 7^ s we find (i:'-, f ^)u£ = {0} (see Lemma 
3.6]). □ 

Corollary 4.16. Let £ , £' ^ X be rank d vector bundles. Then 
(r , r )U£ ^ 5r,s ■ [(i^^ H'Ud) ® cix)] , 
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where Sr.s is the Kroneker symbol. There is an isomorphism of tensor C*- 
categories \J£ ~ \J£' if and only if £ , £' have the same rank. 

The previous lemma implies that the C*-algebra 0\j£ does not maintain geo- 
metrical informations about £ , except for the rank. By restricting the group 
we can recover some geometrical data, as for example the first Chern class in 
the case of SUi?. We are going to prove this fact. Let us consider the following 
endomorphism on 0\j£ , defined by the shift 

p{y):=P®y, (4.25) 

where P is the totally antisymmetric projection H4.12l . in7|) and y € (f ^, f")u£ • 
Note that the relation p{y) = P ■ o-(jg{y) holds for y E Ou£ . 

Let A: G N; we denote by X£^ the tensor power of X£ iterated k times. 
For fc < we define X£'' := [{X£)*]~'' , where (A£)* is the dual bundle of X£ . 
Note that {l, X£'') — {X£^'^ , l) for every k El. We denote by ®x the internal 
tensor product of Hilbert C(X)-bimodules. 

Proposition 4.17. Osus is the a -stable C*-subalgebra of Og generated by 9 
and {l,X£), and is isomorphic to the crossed product 0\j£ x^'^N. 

Proof. By j^l Lemma 3.7] we find 

where 5ij is the Kroneker symbol, R G (t, i?'') is the totally antisymmet- 
ric isometry (|4.8|l . and fc is a positive integer (since (£^'',f ) — (f, £'')*, it 
suffices to consider the case fc > 0). Thus, by local triviality we conclude 
that (f^,f )su£ / {0} if and only if r — s — kd, fc G Z. In particular, 
(f , £'^)sue = (^'^i ^^)u£ , r G N. Let now {Ri} be the set of generators of X£ ; 
then R*Rz = 1 , so that J^i = 1 . where Ri := R^, ■ ■ ■ i?^, G (i, £'^'') , 

fc G N. Let y G (f^£■'■+'='')su£, fc > 0; then y = J^iiyR}) Ru with 
{yR*i) G (f'",f )sue — {£^ ,£^)\j£ ■ The previous argument imphes that 

{£\£'-+''%ij£ = i£\£nsij£ ■ (^Af^-) , fc G Z . 

Thus, we have proved that Osuf is generated as a C*-algebra by Ou£ and 
{l,X£). Furthermore, we have Ry — P y ■ R 1 — p{y)R, R G {l,X£), 
y G (f^,f )suf , so that p is inner in Osuf , induced by {l,X£). In order 
to prove the lemma, we have to verify the universal property w.r.t. covariant 
representations (tt : Ou£ L{Mtt), X£Tr) . Let {^p i— > ?/'ir}, ^ G {l,X£), Vtt G 
A^jr denote the isomorphism between (t, X£) C Osuf and A^tt C L(A^7r) ■ 
Since 

iX£, X£)=P- {£'\ £'')u£ ■ P = C{X) ■ P , 

for every V'' G ^£ there is /0,^' G C{X) such that i/)'-!/)* = ftp.^'P. Fur- 
thermore, (-0,-0') = ■0*^'' = i^ni^'-K G cW)- Now, VV* e C'uf, so that if 
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G (t, X£) then 

= U,i^"PTV = {U,i,"f)7V = (4.26) 

Let {Ri^n} C A^TT, J2i ^i,^^i.TT — ^{P)^ be a set of generators for XE^j. Then 
(|4.26|l imphes 

i i 

SO that 7r(V'V*) = ^^'tt"^^ ■ Thus, we define the C(X)-niorphisni 

n : Osu£ ^ L{M^) , n(i^) , 

t G Ous , (p G {l, X£) . The previous remarks imply that 11 extends tt as 
desired. □ 

Corollary 4.18. Let £ , £' ^ X he rank d vector bundles. Then 

where /c G Z and Sij is the Kroneker symbol. So that there is an isomorphism 

of tensor C*-categories SU£ ~ SUf if and only if £ , £' have the same rank 
and first Chern class. 

Example 4.7. Let X be a compact Hausdorff space with H'^{X,'Z) = TL, £ :^ 
C (B C* ^ X a vector bundle, where C* denotes the dual of a nontrivial line 
bundle C ^ X . By construction (£, £) is nontrival as a continuous bundle of 
matrix algebras, in fact £ is not the tensor product of a trivial bundle by a line 
bundle. So that, S\J£ ^ C{X,§>V{2)), in fact {£,£) is generated as a C(X)- 
algebra by S\J£ . Despite that, by the previous corollary there is an isomorphism 
of tensor C*-categories §IJ£ ~ C{X, SU(2)f ; in fact, X£ ^ C (® C* X x C , 
so that the first Chern class of £ vanishes and (i, X£) ~ C{X) ■ R, where R is 
defined by g^j. Thus, Osvs ^ C{X) (g, Os„(2) . 

The previous example shows that the injectivity of the duality map fProp I^^ 
is verified only if the embedding into the category of vector bundles is fixed. In 
fact, here S\J£ is exhibited as a dual of non-isomorphic groups, i.e. S\J£ ~ 
autosve^S and C(X,§U(2)) ~ autos„j(C(X) O O2) . The fact we recover 
different groups depends on the choice of embedding SU^ into the category of 
tensor powers oi £ :— C®C* (corresponding to the inclusion Osus > Of), or 
X xC'^ (corresponding to Osus ^ C{X) (g) O2). 

Anyway, in general the spectral fibres {G^J^^x '^^ ^ closed group G C \J£ 
do not depend on the choice of the vector bundle £' realizing the embedding 
Og ^ Os' . Thus, different embeddings of G into the category of vector bun- 
dles correspond to different topologies over [j^ , and define not necessarily 
isomorphic spectral bundles. 
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5 Noncommutative Fullbacks. 



5.1 Some general properties of Hilbert bimodules. 

Let A he a C*-algebra, Ai a Hilbert ^-bimodule. We consider the Banach 
^-bimodules {M^.M'^), r,s G N, introduced in SecEl If A is unital then 
{A, A) ~ A, and there is a natural isomorphism {A,A4) ~ M. The category 
A^® with objects the tensor powers of A4 and arrows {Ai^, M'') is a semitensor 
C"''-category in the sense of ^2 §2]; roughly speaking, a tensor product is defined 
on the objects, while on the arrows just the operation of tensoring on the right by 
the identity arrow is admitted. This structure reflects the well-known fact that 
in general it is not possible to define in a consistent way the tensor product of 
right ^-module operators {W, §13.5]). Anyway, it is also possible to associate 
with A4 a tensor C*-category, having objects the tensor powers of A4 , and 
arrows the sets of „4-bimodule operators commuting with the left A-action : 

B{M'',M') {t e {M'',M') : at = ta , a e A} 

(see ^2 §2] for details: the operation of tensor product makes sense for elements 
oi BiM^.M"^)). Let Om denote the C*-algebra associated with M (recall that 
if A is unital and M is finitely generated, then Om is the CP-algebra of A^). 
Following §3], we construct the C*-subalgebra Bm of Om generated by 
the Banach bimodules B{M'',M^). Note that the relations B{M'',M'') = 
(7W^>^") n A' hold in Om ; in particular, B{A,A) ~ M{A) H A' = ZM{A) 
(the last equality is a classical remark due to Busby). Thus, Bm ^ ^' n Om ■ 
The C*-algebra Bm is naturally endowed with the canonical endomorphism 

reendBM ■ T{t):^lr^t e B{M''+\M'+^) , (5.1) 

where t e B{A4^ , AA"^) and 1 is the identity on A4 . Note that in general r 
cannot be extended to an endomorphism of Om j s-nd r is not the identity on 
elements of B{A, A) . 

The next lemma allows to compute the relative commutant of A and Bm in 
relevant particular cases. We recall that by construction Om {Bm ) is endowed 
with a Z -grading, arising from the canonical circle action. We say that a C*- 
algebra B C Om is Z-graded if Ukez{B n O^) is dense in B. 

Lemma 5.1. Let A be a unital C*-algehra, Ai a Hilbert A-bimodule, B C Bm 
a T -stable, TL, -graded C*-algebra. Suppose there is an isometry R £ B{A,A4'^)C\ 
B , d e N , d > I . Then, Bm = .4' n Om ■ Furthermore, if there is X € 
(-1,0) U (0, 1) such that the equality R*t{R) = XI holds, then A ^ B' D Om 
(and A is normal in Om the sense of %!])■ 

Proof. The first assertion is proven in TP, Prop. 3. 4]. The second assertion 
follows from Prop. 3. 5], by defining the sequence Rk '■= t''~^{R) ■ ■ ■t{R)R. 

□ 
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Remark 5.1. Let A := C{X) be ahelian, A4 a finitely generated, projective 
Hilbert C{X) -bimodule. Then, C{X) is a unital C*-sunbalgebra of the centre 
of Bm ; moreover, by projectivity there is n G N ivith inclusions of Banach 
C{X)-bimodules B{M'',M') =-> C{X) ®M„.,„=, r,s e N. This implies that 
Bm is a continuous bundle of C*-algebras over X . Let £ ^ X be the vector 
bundle having module of continuous sections isomorphic to Ad as a right Hilbert 
C{X)-module (£ is the so-caZled symmetrization of M. as in Def.1.5]); we 
denote by a the canonical endomorphism of Og ■ Now, there is an inclusion of 
C*-algebra bundles i : Bm ^ / note that in general it is false that aoi — ior : 
the obstruction is given by the eventuality that T{f) ^ / for some f £ C{X) . 

We now pass to consider group actions over a Hilbert bimodule M. , and the 
associated C*-algebra. Let 

\5M {u G B{M,M) : uu* = u*u = 1} ; 

then, UA^ acts by automorphisms on Om , by extending the map 

-0 1-^ u{ip) -.^uil) , i; e M , u e \JM (5.2) 

or, equivalentely, by the analogue of (|4.5(l for elements of {A4^,Ai''). Note 
that Bm is stable w.r.t. the action H5.2|l . By the same argument used for the 
action H4.5|l , the canonical endomorphism r commutes with m , u G JJAi . Since 
IJM C B{M,M) , we find u{a) = nan* = a, u e VM , a e A; thus UA^ acts 
on Om I Bm by ^-bimodule automorphisms. 

Definition 5.2. Let A4 be a Hilbert A-bimodule, G C UA^ a closed group. 
We denote by Gm the semitensor C*-category with objects the tensor powers 
of A4 and arrows the invariant A-bimodules 

{M\M')G:=[te{M\M'):t = g{t)--^9'^^ ■t-g*'^\9eG] . (5.3) 

We denote by Of^ the C*-subalgebra of Om generated by the invariant 
spaces {M^ , M.'^)g ■ The following definition encodes a particular class of group 
actions over Hilbert bimodules. 

Definition 5.3. Let A be a C*-algebra, M a Hilbert A-bimodule. A tensor 
G-action over M is given by a closed group G C \JA4 such that {A4^ , ■M^)g C 
BiM'^^M"), r,s G N. 

Let G C XJAi be a closed group acting on by a tensor action. Then, the 
following elementary properties hold: 

1. the condition A C {A,A)g ^ B{A,A) = ZM{A) forces A to be an 
abelian C*-algebra; 

2. since (A^"", A^'')g C B{M'',M'') , r, s G N, we obtain that Gm is a tensor 
C*-category, and Of^ C Bm ; 

3. is T-stable (in fact, t ou — wot, u G UA^). We denote by 
tg G endO^ the corresponding restriction. 
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5.2 Basic properties of noncommutative pullbacks. 

As remarked in |31 Rem. 6. 4], in general a well-defined symmetry in the sense 
of Doplicher and Roberts fails to exist in A^® : the exchange operators d{r, s) 
introduced in 21 ^-re well defined as elements of {AA^^" , AA^^") if and only if 
the left and right ^-module actions coincide, i.e. aip = ipa, a G A, ip G A4. In 
fact 

0{r, s){{tp ■tp')a) = 9{r, s)(V' ® {ip'a)) = (tp'a) ■0 = -0' ® {aip) , 

while 

ip S Ai'^ , ip' G Ai'^ . We now introduce a class of Hilbert bimodules such that 
the corresponding semitensor C"''-categories of tensor powers admit a 'maximal' 
symmetric tensor C*-subcategory. We start with two preliminary remarks. 

Remark 5.2. Let A be a C*-algehra, M. a Hilbert A-bimodule. We introduce 
the following unital, abelian C*-algebra: 

C{Xm) ■■= {/ e ZM{A) : faijja' = aip fa' ,ip e M, a, a' £ A} . (5.4) 

Since the identity of M{A) belongs to C{X_x4) , it is clear that A is a C{X_x4)- 
algebra. In the case in which A is unital, we find f G C{Xj^) fijj = ipf , 

ip e M. 

Remark 5.3. Let A be a Cq{X) -algebra, J\f a Hilbert Cq{X) -bimodule. Then, 
the algebraic tensor product M Qco{X} -A. with coefficients in C{){X) is endowed 
with a natural A-valued scalar product {ip (g) a,ip' (Ei a') := (ip, ip') ■ a* a' , ip,ip' G 
M , a, a' G A. We denote by M®x^ the corresponding completition. M(S'x-^ 
is a right Hilbert A-module in the natural way. 

Definition 5.4. Let A be a Cq{X) -algebra, A4 a Hilbert A-bimodule such that 
Co{X) C C{Xm)- AA is called a noncommutative pullback ('nc-pullback, 

in the sequel) if there is a vector bundle £ X with an isomorphism o/ right 
Hilbert A-modules M. ~ £®xA. M. is said full if X is compact and C{X) = 
C{Xm). 

Every nc-puUback is generated as a right Hilbert ^-module by elements of 
£. By using the formalism of amplimorphisms (in the sense of [131 §1]), nc- 
puUbacks correspond in the unital case to C*-algebra morphisms of the type 
(p: A^ A®Md such that 0(1) G C{X) ® and </>(/) = 0(1)/, / G C{X) . 
The corresponding module is recovered as M. := {^ip gC"^ ® A: (p{l)ip = V'} : 
with right ^-action given by the scalar multiplication and left ^-action a,ip ^ 
cp{a)ip. 

Remark 5.4. Let A be a C{X) -algebra (with C{X) unital), M ^ £ A a 
nc-pullback. Then, C{X) is a unital C'*-subalgebra of C{X^), so that there 
is a surjective map p : Xm ~> X . We consider the pullback bundle £m 
£ Xx Xm Xm fi'a the sense of '^18. 1.1.16]), so that £m — £ ®x C{Xm) ■ 
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Now, a natural isomorphism {£ ®x C(Xm)) ®Xm — ^ ®x A of right Hilbert 
A-modules is induced by the map {ip (E) f) a i-^ ip ® (fa) , iJj d £ , f G C{Xm) , 
a G A. Thus, in the case in which C{X) is unital and A is a C{X) -algebra, 
every nc-pullback is a full nc-pullback. 

Remark 5.5. When X is compact and A is unital and separable, a nc-pullback 
A4 naturally defines a class {A4,0) in the KK -theory group TZKK{X;A,A) 
(see ]2Vl about the previous notation); thus M is a central A-bimodule in the 
sense of ]29l. Let us now denote by TZKKf{X]A,A) the group of Kasparov 
bimodules which are finitely generated as right Hilbert A-modules. Then, there 
is a forgetful morphism n : TZK K f{X] A, A) Kf){A) , defined by assigning to 
each Kasparov bimodule the corresponding right Hilbert A-module. If A = C{Y) 
is commutative there is a surjective map p : Y ^ X , and every vector bundle 
£' Y defines a Kasparov bimodule {£',0) G nKK{X;C{Y),C{Y)) . Thus 
TT : nKKf{X;C{Y),C{Y)) K°{Y) is an epimorphism. If £ ^ X is a 
vector bundle, every nc-pullback of the type Ai ^ £ ®x C(Y) defines a class 
{M.,0) in Tr~^[p*£], where p*f Y is the pullback bundle. Thus 7r~^[p,f] C 
nKKf{X;C{Y),C{Y)) classifies the nc-pullbacks of £ over C{Y). 

Example 5.1. Let M be a Hilbert A-bimodule isomorphic as a right Hilbert 
A-module to the free module ® A. Then, M. is a nc-pullback of the trivial 
rank d vector bundle over Xm . Bimodules of this type appear in the framework 
of so-called 'Hilbert C*-systems' as in and are called algebraic Hilbert 

spaces. Other examples, given by Hilbert bimodules arising from contractions in 
compact metric spaces, can be found in \30, ^4]- 

Example 5.2. Let X be a compact Hausdorff space, Z a unital, abelian C{X) - 
algebra, £ ^ X a vector bundle, p G enAxZ a C{X) -endomorphism. Then, 
we can define a nc-pullback Ai -.^ £ ®x Z, with left Z -action zip := ipp^z) , 
tp G M , z G Z . The case in which p is the identity corresponds to the usual 
notion of pullback of a vector bundle. 

Example 5.3. Let A be a C*-algebra with identity E G C{X) (g)Md a 
projection defining a vector bundle £ ^ X . Let B be the corner {E ® IX) ■ 
{C{X)(EMd®A)-{E®lji) . Then, every unital C{X) -morphism (p : C{X)®A 
B corresponds with a nc-pullback of £ , isomorphic to the external tensor product 
£ ® A as a right Hilbert {C{X) ® A) -module, and defining a natural structure 
of vector A-bundle in the sense of [S^tj . 

Let X be a compact Hausdorff space, A a unital C(X) -algebra with identity 
1, M. ~ £ ®x A a nc-pullback. According to R,em l5.4l we assume that M is 
full, so that we identify X with Xm . The following elementary properties hold: 

1. There is a map j : £ ^ Ai , := i/j ®1. It is clear that j{£) is 

contained in M = {A,A4). Thus, j{£) is a finitely generated Hilbert 
C(X) -bimodule in Om with support 1, and is isomorphic to £. 
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2. By universality of the CP-algebra, j extends to a C(X)-nionomorphism 

3. The relation j{£^,£^) C {M.^,M.'^) holds, for every r, s G N (in partic- 
ular, j(£) = j{L,£) C {A,M)). So that, j defines an injectivc functor 
j : £® ^ Ai® oi semitensor C*-categories. It is clear that j restricts to 
an isomorphism j : 8^ — > j{£)^ . 

4. By amenability we have a ~ £® , where a E endOs is the canonical 
endomorphism fProp l^TT) : so that, there is an injectivc functor j' :a ^ 

of semitensor C*-categories. 

Lemma 5.5. With the above notation, suppose that B'j^ fl Om — -4- Then: 

1. OMnO'j^ = C{x)c^c{XM); 

2. an inner endomorphism ug G gxiAOm is induced by ]{£); 

3. ae{t) = T{t), teBM,- 

5. there is an isomorphism a ~ ag of tensor C*-categories, and as has 
permutation symmetry. 

6. For every r, s G N , the equality 

holds; i.e., {a^{z)t = ta^ia), z e Z,t e j{£'' ,£'')} is total in {M'',M''). 

Proof. 

1. The elements of C{X) commute with A and A4 = {A, A^) in Om , thus 
C{X) C n O^. Viceversa, n Q B'j^ n Om = A, thus 
O'j^HOm ^ An A' ; so that, if f e O'j^HOm then filj = -,pf, eM, 
and / G C{X) . 

2. j{£) is a finitely generated Hilbert C(X)-bimodule in Om with sup- 
port 1; thus, the inner endomorphism as G endOM induced by j{£) 
is defined, and the point is proved. Note that j{£) — {L,as), j{£Y ■= 
span{ ?Ai ■ ■■'ipr,i>i E = 1, ■ • ■ } = ('-,0-^), r G N. 

3. Let t G M') , %k e ]{£) C {A, M) . Then, {-4, ® l^) ■ t ^ ® t = 
(1 ® i) • Ir) , where 1^ is the identity of {M^ M^). Thus, the relation 
^t = T{t)tl) holds; on the other hand, by definition ^t = as{t)'4'- 
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4. By definition, j{£\£') C {W^M") and ^ H^Y ■ Now, j{£'',£') 
is generated as a Banach C(X)-bimodule by elements of the type 'ipL'^P'^.j , 

V-L := V-ii • • - V-ie G V-M G jX^)' (see ©• Since = we 

find j{£'',£^) C (crj, cr|) . Viceversa, if t G (o-J, cr|) then t^Y^LM V'iiiMV'I 
where i^M := i'lt^M e (cr*,i) • (CfjCrl) ■ (t, cr^) C (t, t) = C{X) {l G 
endOTVi denotes the identity automorphism). Thus, t e j(f ,f ). 

5. By the previous point, we find j{£)® — ct£. Moreover, by amenabihty 
we obtain £® ~ a . Since ~ we conclude a ~ds. Since a 
has permutation symmetry fRem E31) , we obtain that erg has permutation 
symmetry. 

6. Since ag(a) = '}2,m "^MaipM £ {M^,M^), a e A, the inclusion j{£^,£^) ■ 
f^si-^) ^ (A1'",A^^) is proved. Viceversa, if t e {M'',M'') then i = 
Y.LM'^LthM^li, where G J(^)^ V'Af e i(i')'', iiA/ := ipltij^M G 
(A^^yl) ■ • (AXO ^ -4. Note that Vl^lm = (^eitLAML. 

□ 

The next lemma (generalizing the second statement of Lemma I5.1|l will be 
used in the sequel, and allows to compute the relative commutant of certain 
T -stable Z -graded subalgebras of Bm ■ 

Lemma 5.6. With the above notation, let B C Bm be a t -stable, Ij-graded 
C*-algebra. Suppose there is a finitely generated Hilbert C{X) -bimodule TZ C 
j{L,£'^) nB, d > 1, with support Pji, such that 

nn* span , R, R' e U} ^ C{X) ■ Pn . 

Moreover, suppose that for some A G (—1,0) U (0,1) the equality R*t{R') = 
XR*R' holds for every R,R' €11. Then A^B'DOm- 

Proof. The equality TZTZ* = C{X) ■ P-jz and the Serre-Swan Theorem imply 
that TZ is the module of continuous sections of a line bundle C ^ X , C <Z £'^ . 
Let us consider a closed cover {Xj} of X, triviafizing £,C Now, C{X) is a 
unital C*-subalgebra of the centre of Oyu ; thus Om is a C(X) -algebra, that 
we regard as un upper semicontinuous bundle over X . 

Let Ai denote the restriction of A over X^ as an upper semicontinuous 
bundle. The restriction Cxlx; of Om over Xi is generated as a C*-algebra by 
Mi :— M Ai , so that Oa^Ix; — we denote by ai : Om Omi the 

associated epimorphism, so that ai{A,M) — {Ai,Mi). Since £\xi — Xi x C''' 
is trivial, we find that Mi is isomorphic as a right Hilbert -module to the 
free module (^5 Ai. In particular, TZi :— ai{TZ) is generated as a Hilbert 
C(Xi) -bimodule in OMi by an isometry Ri e {Ai,M.f), corresponding to the 
generator of the free module of continuous sections oi C\xi — Xi x <C Note 
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that R*T{Ri) — Aai(l), where 0:^(1) is the identity of Owii • By using Ri as 
in Lemma [5.11 we construct a sequence {Ri^k} ■ 

Let now t G B' C] Om] then, every ti :— ck,;(t) commutes with elements of 
{Ri^k} , so that ti £ Ai- We now consider a partition of unity {Xi} C C{X) 
subordinate to {Xi} ; then, Xiti ~ Xit e A, and we conclude that t = J^i ^iii ^ 
A. □ 



Let now Z be an abelian, unital C(X) -algebra, ~ £ Z a full nc- 
pullback. We consider a closed group G C SUf such that 

C = , 

where S'G is defined by H4.21|l . Recall that there is a monomorphism j : Og ^ 
Om such that jiS^'^E") C {W^M"); in particular, j{\J£) c (7W,A^). Let 
us now suppose that j{G) acts on by a tensor action (recall Def l5.3l and 
subsequent remarks). In order for more concise notations, we identify G with 
j(G) and define 

we also consider the group 

autB(07K, erf) {a G autO^vi : ct\B = ^ 7 a o fj^; = erg o a} . 

Our purpose is to study the C*-dynamical systems {B,p), {Om,G)- In the 
particular case in which Z = G{X) (i.e. A4 = £), the C*-dynamical system 
{B,p) is of the type (Oc^g) studied in the previous section. 

Proposition 5.7. With the above notation, the following properties hold: 

1. B'nB^B'nOM^z (thus, b'j^dOm^z, OMriO'j^^ c{x) ). 

2. The map {G 3 5 1-^ 5} defines an isomorphism G ~ aute(C'7\/(, ag) . 
Proof. 

1. There are obvious inclusions Z (1 B' (^B <1 B' r\ Om ■ Moreover, we recall 
Lemma lOl and apply Lemma with TZ := {l,X£) C {l,£'^)g C B C 
Bm, X := (-l)''-id-i. Thus B' DOm ^ 2, and the others equalities 
immediately follow. 

2. Let g £ G . Since G acts on by a tensor action, 5 £ autO^n restricts 
to the identity on B; moreover, (i, erg) = j{£) is G-stable, thus goug = 
as og and g G autg(C'A4, cg) . Viceversa, let a e aute(OAi, ff) ■ If 

G ('-iff) = i(^) we find ip*a{ip') £ B' H Om- By the previous 
point, 'i{j*a{'i{j') £ Z. Let now 9 £ {£'^,£^)g be the operator defined 
by (|4.14() '). Since a o as — as o a, we find p{Tp*a{Tp')) = ip*j{9) • as o 
a{ip') — tl^* j{6)a{j{9)il)') = ip* a{tp'). Thus il)*a{ip) is p-invariant; since 
P = CfilzSj we conclude that ^*a(^) commutes with elements of (i, erg). 



33 



Since Om is generated as a C*-algebra by Z, {b.ag), we find ip*a{ip') G 
Om n O'j^ = C{X). Thus {L,a£) ~ £ is a-stable, and a = ^ for some 
g G \J£ ■ Now, we can regard at g as an automorphism of Og leaving 
Og Q pointwisc invariant; thus, we apply Prop l4.8l and conclude that 
.g e G = SG. 

□ 

Remark 5.6. Lef z £ 2^. It follows from the point 1 of the previous proposition 
that p{z) =a£{z) = z ^ [z, (i, erg)] ^0 ^ z e C{X) = Om H . 

Corollary 5.8. Let G he locally trivial. Then, for every r, s G N, 

{M',M')g^p'{Z)-j{£^,8^)g^]{£\£')g-p'{Z) (5.5) 

(i.e., the set {p''{z)t = tp'^{z) , z e Z,t e {£'',£'')g} is total in {M'',M'')g )■ 
Moreover, 

{M^M^G^ip^-.p! . (5.6) 
so that there is an isomorphism of tensor C*-categories p ~ Gm . 

Proof. 

1. The inclusion p^iZ) ■ j{£'^,£^)G C {M'',M'')g is trivial. Viceversa, let 
{ipi} be a finite set of generators of j{£) . The elements of {M^ , A^*)g are 
of the type t := J2lm P''i*LM)ilJLip*M , where tpL ■= V'h • • ■ V'i, e j{t-,£^), 
V'M G j{L,£n, tLM := ^2#M e B'nOM = Z. Note that ^^^^ G 
j(f , f^) , thus t G p^(Z)-j(f , £■*) . Let Go be the spectral fibre of G, and 
U C X a local chart for 0. Then, Go acts on Om\u by automorphisms; 
if tu is the restriction of t over U , by averaging w.r.t. the Haar measure 
of Go we obtain 

tu ^ doit) dgolu = ^p^{tLM) / 5o(V'LV'If) dgo \u ; 

-/Go ^j^^ -'Go 

by Lemma 14.121 we find 

/ goiMli) dgolu e {j{£-,£n\u)Go = j{£^,£nG\u , 

J Go 

thus i[/ G p'^{Z) ■ {£^ ,£'^)g\u ■ By considering an open cover {Ui} triv- 
ializing Q , and a subordinate partition of unity {A^}, we conclude that 

t = Y.rUu, ep-^Z)-{£-,£')G. 

2. Let t G (X^X")G. Then, by the previous point t G p"(Z)(cr^, cr|) n^B C 
{p^,p''). Viceversa, if t G {p"^ , p^) , then i^Af defined as above belongs to 
Z, thus t G (A^'',7W*); in particular, since t is G-invariant, we conclude 
t G (A^**, A1'*)g . The proof of the isomorphism p ~ Gm goes through 
the same line of Cor 14. 41 
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□ 



Remark 5.7. Let £ be a Gq -vector bundle, where Go is a locally compact group 
acting trivially on X . We denote by G Q XJS the associated closed group in 
the sense of Rem \4-.^ Suppose that A4 is a nc-pullback of £ carrying a tensor 
action by G C S\J£ C \JA4 . Then, 15. 515. f^) hold. In fact, we can use the 
Haar measure of Go and apply the invariant mean argument used in the proof 
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